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In this paper we define a newq-special functionAαn (x, b, c; q). The new function is a
generalization of theq-Laguerre function and the Stieltjes–Wigert function. We deduced
all the properties of the functionAαn (x, b, c; q). Finally, limq→1 Aαn ((1− q)x,−β, 1;q)
givesL (α,β)

n (x, q), which is aβ-modification of the ordinary Laguerre function.

KEY WORDS: basic hypergeometric series;q-derivative operator;q-integeral;
q-Laguerre function; Lie algebra.

1. INTRODUCTION

Theq-shifted factorial (a; q)k (theq-extension of the Pochhammer symbol
(a)k) is defined by

(a; q)k =
k−1∏
i=0

(1− aqi )

and satisfies the following properties:

(qz; q)n = (1−qnz)
(1−z) (z; q)n

(q−1z; q)n = (1−q−1z)
(1−qn−1z) (z; q)n

(q; q)n−r = (−1)r q(r
2)−nr (q;q)n

(q−n;q)r

Also

(a; q)∞ =
∞∏

i=0

(1− aqi )

The basic hypergeometric series is defined by (Koekoek and Swarttouw, 1994;
Koelink 1996)

rϕs

(
a1, . . . , ar | q; z
b1, . . . , bs

)
=
∞∑

k=0

(a1, . . . , ar ; q)k

(b1, . . . , bs; q)k

(
(−1)kq

k
2 (k−1)

)1+s−r zk

(q; q)k
(1)
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where

(a1, . . . , ar ; q)k =
r∏

i=1

(ai ; q)k

The basic hypergeometric seriesrϕs is a polynomial inz if one of ai equals
q−n, wheren is a nonnegative integer (Chari and Pressely, 1994). Otherwise, the
radius of convergence ofrϕs is

ρ =
∞ if r < s + 1

1 if r = s+ 1
0 if r > s + 1

The classical exponential functionez can be expressed in terms of the hyper-
geometric functions asez = 0F0( – ; z– ); this function has two different natural
q-extensions denoted byeq(z) and Eq(z) and defined by (Biedenharn and Lohe,
1995)

eq(z) = 1ϕ0

(
0 | q; z
–

)
=
∞∑

k=0

zk

(q; q)k
= 1

(z; q)∞
(2)

and

Eq(z) = 0ϕ0

(– | q; z
–

)
=
∞∑

k=0

q
k
2 zk

(q; q)k
= −(z; q)∞ (3)

wherez ∈ C, |z| < 1, and 0< q < 1. Alsoeq(z) andEq(z) can be considered as
formal power series in the formal variablez. They have the following properties
(Ahmedet al., 2000):

eq(z)Eq(−z) = 1
eq(qz) = (1− z)eq(z)
Eq(z) = (1+ z)Eq(qz)
eq(z) = (1− q−1z)eq(q−1z)
Eq(q−1z) = (1+ q−1z)Eq(z)
eq(qnz)Eq(−z) = (z; q)n

eq(z)Eq(−qnz) = 1/(z; q)n

limq→1 eq((1− q)z) = limq→1 Eq((1− q)z) = ez

2. A NEW q-SPECIAL FUNCTION Aαn (x, b, c; q)

Let us define the followingq-special function.

Definition 1.

Aαn(x, b, c; q) = (bqα+1, q)n

(q, q)n
1ϕ1

(
q−n

| q;−cqn+bα+1

bqα+1
x

)
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= (bqα+1, q)n(−c
b q(b−1)αx, q)∞

(q, q)n
2ϕ1

(
bqα+n+1, 0 | q; −c

b q(b−1)α

bqα+1
x

)
(4)

Proposition 2. The function Aαn(x, b, c; q) has the generating functions

(t, q)∞ 0ϕ2

(
– | q;−cxtqbα+1

bqα+1, t

)
=
∞∑

n=0

(−1)nq(n
2)

(bqα+1, q)n
tn Aαn(x, b, c; q) (5)

1

(t, q)∞
0ϕ1

(
– | q;−cxtqbα+1

bqα+1

)
=
∞∑

n=0

Aαn(x, b, c; q)

(bqα+1, q)n
tn (6)

(γ t, q)∞
(t, q)∞

1ϕ2

(
γ | q;−cxtqbα+1

bqα+1, t

)
=
∞∑

n=0

(γ , q)n

(bqα+1, q)n
Aαn(x, b, c; q)tn (7)

whereγ is arbitrary.

Proof:

0ϕ2

(
– | q;−cxtqbα+1

bqα+1, t

)
=
∞∑

r=0

(−1)3r q3(r
2)

(bqα+1, q)r (t, q)r

(−1)r q(bα+1)r (cxt)r

(q, q)r

=
∞∑

r=0

q3(r
2)q(bα+1)r

(bqα+1, q)r (t, q)r

(cxt)r

(q, q)r

But 1/(t, q)r = eq(t)Eq(−qr t).

0ϕ2

(
– | q;−cxtqbα+1

bqα+1, t

)
=
∞∑

r=0

q3(r
2)q(bα+1)r

(bqα+1, q)r
eq(t)Eq(−qr t)

(cxt)r

(q, q)r

= eq(t)
∞∑

r=0

q3(r
2)q(bα+1)r

(bqα+1, q)r

∞∑
n=0

q(n
2)

(q, q)n

× (−qr t)n (cxt)r

(q, q)r

= eq(t)
∞∑

r=0

∞∑
n=0

(−1)nq3(r
2)+(bα+1+n)r+(n

2)

(bqα+1, q)r (q, q)n

× (t)n+r (cx)r

(q, q)r
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By replacingn by n− r , we get

0ϕ2

(
– | q;−cxtqbα+1

bqα+1, t

)
= eq(t)

∞∑
r=0

∞∑
n=0

(−1)n−r q3(r
2)+(bα+1+n−r )r+(n−r

2 )

(bqα+1, q)r (q, q)n−r

× (cx)r (t)n

(q, q)r

But (q, q)n−r =
(
(q, q)nq(r

2)−nr
)
/((−1)r (q−n, q)r ).

0ϕ2

(
– | q;−cxtqbα+1

bqα+1, t

)

= eq(t)
∞∑

r=0

∞∑
n=0

(−1)nq2(r
2)+(bα+1+2n−r )r+(n−r

2 )(q−n, q)r

(bqα+1, q)r (q, q)n

(cx)r (t)n

(q, q)r

= eq(t)
∞∑

r=0

∞∑
n=0

(−1)nq2(r
2)+ r

2 (2bα+3+2n−r )+(n
2)(q−n, q)r

(bqα+1, q)r (q, q)n

(cx)r (t)n

(q, q)r

= eq(t)
∞∑

r=0

∞∑
n=0

(−1)nq(r
2)+r (bα+1+n)+(n

2)(q−n, q)r

(bqα+1, q)r (q, q)n

(cx)r (t)n

(q, q)r

= eq(t)
∞∑

n=0

(−1)nq(n
2)tn

(bqα+1, q)n

(bqα+1, q)n

(q, q)n

∞∑
r=0

(−1)r q(r
2)(q−n, q)r

(bqα+1, q)r

(−cxqbα+1+n)r

(q, q)r

= 1

(t, q)∞

∞∑
n=0

(−1)nq(n
2)tn

(bqα+1, q)n
Aαn(x, b, c; q)

Similarly we can prove (2) and (3). ¤

Definition 3. Theq-derivative operatorDq is defined by (Koornwinder, 1994)

Dq f (x) =
{

f (x)− f (qx)
x(1−q) , x 6= 0
d f (0)

dx , x = 0

where

lim
q→1

Dq f (x) = d f (x)

dx

Proposition 4. The forward shift operator of Aαn(x, b, c; q) is given by

Aαn(x, b, c; q)− Aαn(qx, b, c; q) = −cxqαb+1Aα+1
n−1(q2−bx, b, c; q) (8)
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that is

Dq Aαn(x, b, c; q) = −cqαb+1

1− q
Aα+1

n−1(q2−bx, b, c; q) (9)

Proof:
Aαn(x, b, c; q)− Aαn(qx, b, c; q)

= (bqα+1, q)n

(q, q)n

[
1ϕ1

(
q−n

| q;−cqn+bα+1x
bqα+1

)

− 1ϕ1

(
q−n

| q;−cqn+bα+2x
bqα+1

)]

= (bqα+1, q)n

(q, q)n

∞∑
r=0

(−1)r q(r
2)(q−n, q)r

(bqα+1, q)r (q, q)r
(1− qr )(−cxqn+αb+1)r

= (bqα+1, q)n

(q, q)n

∞∑
r=0

(−1)r q(r
2)(q−n, q)r

(bqα+1, q)r (q, q)r−1
(−cxqn+αb+1)r

= (bqα+1, q)n

(q, q)n

∞∑
r=0

(−1)r q(r
2)(q−n, q)r−1(1− qr−n−1)

(bqα+1, q)r−1(q, q)r−1(1− bqα+r )
(−cxqn+αb+1)r

= (1− q−n)(bqα+1, q)n

(1− bqα+1)(q, q)n

∞∑
r=0

(−1)r q(r
2)(q−n+1, q)r−1

(bqα+2, q)r−1(q, q)r−1
(−cxqn+αb+1)r

= (1− bqα+n)

(1− bqα+1)
(−cxqαb+1)

(bqα+1, q)n−1

(q, q)n−1

∞∑
r=0

(−1)r q(r
2)+r (q−n+1, q)r

(bqα+2, q)r (q, q)r

×(−cxqn+αb+1)r

= (−cxqαb+1)
(bqα+2, q)n−1

(q, q)n−1
1ϕ1

(
q−n+1

| q;−cqn+bα+2x
bqα+2

)
= −cxqαb+1Aα+1

n−1(q2−bx, b, c; q) ¤

Proposition 5. The backward shift operator of Aαn(x, b, c; q) is given by

Aαn(x, b, c; q)− x(1+ x)qαb

x − b+ 1
Aαn(qx, b, c; q)

= 1

c

[(
1+ x

x − b+ 1
+ 1

xqαb−1

)
Aα−1

n+1(qb−1x, b, c; q)− 1

xqαb−1
Aα−1

n+1

×(qb−2x, b, c; q)− 1+ x

x − b+ 1
Aα−1

n+1(qbx, b, c; q)

]
(10)
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that is

Dq
(
w(x, b, α; q)Aαn(x, b, c; q)

) = w(x, b, α; q)

(1− q)cx

[(
1+ x

x − b+ 1
+ 1

xqαb−1

)
×Aα−1

n+1(qb−1x, b, c; q)

− 1

xqαb−1
Aα−1

n+1(qb−2x, b, c; q)− 1+ x

x − b+ 1

× Aα−1
n+1(qbx, b, c; q)

]
(11)

where

w(x, b, α; q) = xαb

(−x, (b− 1)qx−1; q)∞
(12)

Proof: At first by using

eq(qz) = (1− z)eq(z)
eq(q−1z) = 1

(1−q−1z) eq(z)

we have

w(qx, b, α; q) = (qx)αb

(−qx, q−1(b− 1)qx−1; q)∞

= qαb(1+ x)

(1− q−1(b− 1)qx−1)

xαb

(−x, (b− 1)qx−1; q)∞

= qαb(1+ x)x

(x − b+ 1)
w(x, b, α; q)

Also by using

Aαn(x, b, c; q)− Aαn(qx, b, c; q) = −cxqαb+1Aα+1
n−1(q2−bx, b, c; q)

and replacingx by xqb−2, α by α − 1, andn by n+ 1, we have

Aαn(x, b, c; q) = −1

cxqαb−1

[
Aα−1

n+1(qb−2x, b, c; q)− Aα−1
n+1(qb−1x, b, c; q)

]
Also replacex by qx, and then we have

Aαn(qx, b, c; q) = −1

cxqαb

[
Aα−1

n+1(qb−1x, b, c; q)− Aα−1
n+1(qbx, b, c; q)

]
Now

Dq
(
w(x, b, α; q)Aαn(x, b, c; q)

)
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= 1

(1− q)x

[
w(x, b, α; q)Aαn(x, b, c; q)− w(qx, b, α; q)Aαn(qx, b, c; q)

]
= w(x, b, α; q)

(1− q)x

[
Aαn(x, b, c; q)− qαb(1+ x)x

(x − b+ 1)
Aαn(qx, b, c; q)

]

= w(x, b, α; q)

(1− q)x

[
− Aα−1

n+1(qb−2x, b, c; q)− Aα−1
n+1(qb−1x, b, c; q)

cxqαb−1

+ (1+ x)

c(x − b+ 1)

{
Aα−1

n+1(qb−1x, b, c; q)− Aα−1
n+1(qbx, b, c; q)

}]
= w(x, b, α; q)

(1− q)cx

[(
1+ x

x − b+ 1
+ 1

xqαb−1

)
Aα−1

n+1(qb−1x, b, c; q)

− 1

xqαb−1
Aα−1

n+1(qb−2x, b, c; q)− 1+ x

x − b+ 1
Aα−1

n+1(qbx, b, c; q)

]
¤

Definition 6. Theq-integeral on (0,∞) is defined by (Koorwinder, 1992, 1997)∫ ∞
0

f (t) dqx = (1− q)
∞∑

n=−∞
f (qn)qn (13)

Proposition 7. The orthogonal property of the function Aαn(x, b, c; q) is given by∫ ∞
0

w(x, b, α; q)Aαn(x, b, c; q)Aαm(x, b, c; q) dqx = 0 ∀n 6= m (14)

3. SPECIAL CASES OF Aαn (x, b, c; q)

(1) At b = 0 andc = 1

Aαn(x, 0, 1;q) = 1

(q, q)n
1ϕ1

q−n

| q;−qn+1x
0

 = Sn(x, q) (15)

whereSn(x, q) is the Stieltjes–Wigert function.
(2) At b = 1 andc = 1

Aαn(x, 1, 1;q) = (qα+1, q)n

(q, q)n
1ϕ1

(
q−n

| q;−qn+α+1x
qα+1

)
= Lαn(x, q)

(16)
whereLαn(x, q) is theq-Laguerre function.
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(3) At x = z2, b = 1, andc = q−n−α

zα lim
q→1

Aαn(z2, 1,q−n−α; q) = zα
(qα+1, q)∞

(q, q)∞
1ϕ1

(
0 | q; qz2

qα+1

)
= J(3)

α (z, q) (17)

whereJ(3)
α (z, q) is theq-Bessel function, which was introduced by Hahn

and Exton and limq→l J(3)
α ((1− q1/2)z, q) = Jα(z) (Noumi and Mimachi,

1990a,b).
(4) At b = −a−1q−α, c = a−1q−αb, andx→ q−x

Aαn(q−x,−a−1q−α, a−1q−αb; q) = (−a−1q, q)n

(q, q)n
1ϕ1

×
 q−n

| q;
qn+1−x

a−a−1q

 = 1

(q, q)n
Cn(q−x, a; q) (18)

whereCn(q−x, a; q) is theq-Charlier function.
(5) By using the identity

1ϕ1

(
q−n

| q; z
l

)
= (q−1z)n

(l , q)n
2ϕ1

(
q−n; l−1q1−n

| q; qn+1l
z0

)

we have

Aαn(x, b, c; q) = (−cxqαb+n)n

(q, q)n
2ϕ1

(
q−n; b−1q−α−n

| q;− b
cxqα−αb+1

0

)

At b = −a−1q−α−2n, c = a−1q−αb−2n, andx→ x−1

Aαn(x−1,−a−1q−α−2n, a−1q−αb−2n; q) = (−axqn)−n

(q, q)n
2ϕ1

×
(

q−n; aqn

| q; qx
0

)
= (−axqn)−n

(q, q)n
Kn(x, a, q) (19)

whereKn(x, a; q) is the alternativeq-Charlier function.
(6) By using the identity

1ϕ1

(
k | q; z
l

)
=
(

k

l
z, q

)
∞

2ϕ1

k−1l ; 0
| q;

kz

ll
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we have

Aαn(x, b, c; q) = (bqα+1, q)n

(q, q)n

(
q−n−α−1

b
x, q

)
∞

2ϕ1

×
bqα+n+1; 0

| q;−c

b
xqαb−α

bqα+1


At b = 1, c = −q, n→−n− α − 1 and by settingqα = a

Aα−n−α−1(x, 1,−q; q) = (aq, q)−n−α−1

(q, q)−n−α−1
(qnx, q)∞2ϕ1

(
q−n; 0 | q; qx

aq

)

= (aq, q)−n−α−1

(q, q)−n−α−1
(qnx, q)∞Pn(x, a | q) (20)

wherePn(x, a | q) is the Littelq-Laguerre/Wall function.

4. A β-MODIFICATION OF THE ORDINARY
LAGUERRE POLYNOMIALS

It is well known that the four-dimensional complex Lie algebrag(0, 1) with
basisJ±, J3, andE is defined by the commutation relations (Miller, 1968)

[ J±, J3] = ±J± [ J+, J−] = −E (21a)

[ J±, E] = 0 [J3, E] = 0 (21b)

Lemma. The Lie algebra g(0, 1) has the following modified differential
operators:

J+ = y

(
1

β
∂x − 1

)
, J− = 1

y
(−x∂x − y∂y+ n) (22a)

J3 = y∂y, E = 1 (22b)

where∂x = ∂
∂x .

Proof:

[ J3, J+] = J3J+ − J+J3

= y∂y

(
y

β
∂x − y

)
− y

(
1

β
∂x − 1

)
y∂y
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= y

β
∂x + y2

β
∂2xy− y− y2∂y− y2

β
∂2xy+ y2∂y

= y

(
1

β
∂x − 1

)
= J+

The other commutation relations can be obtained by the same way. ¤

The Casimir operator of the algebrag(0, 1) has the form

C = J+J− − E J3 (23)

which commute with all operators. In order to obtain a realization of the above
representation ofg(0, 1) by the operatorsJ±, J3, and E, we must find nonzero
functions fm(x, y) = ymφm(x), m= 0, 1, 2,. . . , such thatC fm(x, y) = 0. From
Eq. (22), we get the following differential equation:

x
d2φm(x)

dx2
+ (1+m− n− βx)

dφm(x)

dx
+ βnφm(x) = 0 (24)

Putm− n = α; then

x
d2φm(x)

dx2
+ (1+ α − βx)

dφm(x)

dx
+ βnφm(x) = 0 (25)

This equation is aβ-modification of the ordinary Laguerre equation whereβ ∈ C.
The solution of the differential equation (25) is the functionL (α,β)

n (x), which is a
β-generalization of the Laguerre function and is defined by

L (α,β)
n (x) = (α + 1)n

n!
1Fl

( −n
α + 1

| βx

)
(26)

We can get by some calculations the generating function

(1− t)−α−1 exp

(
βxt

t − 1

)
=
∞∑

n=0

L (α,β)
n (x)tn (27)

and also the orthogonality property∫ ∞
0

xαe−βx L (α,β)
n (x)L (α,β)

m (x) dx = 0(n+ α + 1)

n!
βn−1δmn where α > −1

(28)

Theβ-modified functionLα,β(x) has the following recurrence relation:

(n+ 1)L (α,β)
n+1 (x)− (2n− βx + α + 1)L (α,β)

n (x)+ (α + n)L (α,β)
n−1 (x) = 0 (29)

and the normalized recurrence relation is

βx Pn(x) = Pn+1(x)+ (2n+ α + 1)Pn(x)+ n(α + n)Pn−1(x) (30)
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where

L (α,β)
n (x) = (−1)n

n!
Pn(x) (31)

The Rodrigues-type formula is given by

L (α,β)
n (x) = 1

n!
eβxx−α

dn

dnx
(xα+n e−βx) (32)

Lemma. The relation between Aαn(x, b, c; q) andL (α,β)
n (x) is given by

lim
q→1

Aαn((1− q)x,−β, 1;q) = L (α,β)
n (x) (33)
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