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Generalizedg-Modified Laguerre Functions
A. S. Hegazh? and M. Mansour?

Received August 22, 2001

In this paper we define a neg¢special functionA? (x, b, ¢; g). The new function is a
generalization of thg-Laguerre function and the Stieltjes—Wigert function. We deduced
all the pr%aerties of the functioAf (x, b, c; q). Finally, limg_.1 A% ((1 — q)x, —8, 1,0)

givesLSf‘ (x, g), which is ag-modification of the ordinary Laguerre function.

KEY WORDS: basic hypergeometric seriesj-derivative operator;g-integeral;
g-Laguerre function; Lie algebra.

1. INTRODUCTION

The g-shifted factorial &; q)x (the g-extension of the Pochhammer symbol
(a)x) is defined by
k—1

@k =[] -ad)
i=0
and satisfies the following properties:
@'z a0 = EE3(E n
(@; Dnr = (—1) q&)—nr @D

@™a)r
Also
@) =] J@-ad)
i=0

The basic hypergeometric series is defined by (Koekoek and Swarttouw, 1994;
Koelink 1996)

o0

ag, ..., . . @z, ..., & Qk 1Ky k1) LHsT ra
rg”S(lol,...,bs |q,z>_k2(:)(b1,...,bs;Q)k(( Ve G @
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where
@, ... a;ak =] [a:ak
i=1

The basic hypergeometric serigs is a polynomial inz if one of g equals
g~ ", wheren is a nonnegative integer (Chari and Pressely, 1994). Otherwise, the
radius of convergence ofs is

oo ifr<s+1
p=131 ifr=s+1
0 ifr>s+1
The classical exponential functiagf can be expressed in terms of the hyper-

geometric functions ae* = oFo(_ ; 2); this function has two different natural
g-extensions denoted B, (z) and Eq(z) and defined by (Biedenharn and Lohe,

1995)
00 1
€(2) = 190 (2 | q;z) Z Ak OI)k (Z Q) ?

and
k
2

Eq(@) = opo(_ | 0i2) = Z(q o = @D~ 3)

wherez € C, |z|] < 1, and O< g < 1. Alsogy(z) andE4(z) can be considered as
formal power series in the formal variatde They have the following properties
(Ahmedet al., 2000):

€(2Eq(-2) =1

€(02) = (1 - 2)e4(2)

Eq(2) = (1+2)Eq(q2)

&(2) = (1-q'29e(a'2)

Eq(a'2) = 1+ '2)Eq(2)

€(9"2)Eq(~2) = (z,)n

€(2)Eq(—09"2) = 1/(z, 0)n

limg_1€((1 —9)2) = limgq_1 Eq((1 - 9)2) =

2. ANEW g-SPECIAL FUNCTION AZ(x, b, c; q)

Let us define the following-special function.

Definition 1.

AL(X, b, c;q) =

(bg™™, a)n q~"
@an -\ bgett

| q, _an+ba+l X)
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( a+1 q) ( q(b l)ozX q) bqa+n+1, 0 ~
- 22 AR L L
(d, Pn bq

(4)

Proposition 2. The function A(x, b, ¢; q) has the generating functions

- 1@ o
(t, Do o@z(ban’ ) Iq,—cxtqb““) Z < (bg, o)y T LA b, cia) (5)

1 - = A%(x, b, c;q)
: —cxt ba+1 n 6
€ 9~ °“’1<|oq°'+1 et ) 2 bgrg, . ©

(Vt, Q)oo YV i (y, q)n N . N
(€, D)oo 1"’2<bqa+1,t 'q"Cthb““) Z(bqaﬂ - A b, et (1)

wherey is arbitrary.

Proof:
- . ) 0 (_1)3rq3(9 (—1) q®e+2r (extyr
2 <bq“+1,t | g; —cxtg™ ) ; (bge+1, q), (t, q)r (q, q)r
0 qs(gq(ba-kl)r (cxtyr
N ; (ba L, ), (t, Q)r (3, )
But 1/(t, q)r = €q(t)Eq(—q't).

_ . ., o0 3(2)q(ba+1)r ) (cxt)
" (bq““,t o —exte H) Z (bg*1, q)r %(1)E(~d t)(q,q)r

B 00 q3(z)q(b°‘+1)r 0 q(g)
B eq(t)r; (bo**1, Q) &= (9, P

(cxt)r
(4, a)

~ 00 00 (_1)nq3(r2)+(b0l+1+”)r+(2)
=) ) (ba**2, a) (4, A)n

r=0 n=0

x (—q't)"

()™ (cx)’
(g, a)r
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By replacingn by n —r, we get

1) q3(9+(ba+1+n—r)r +(%N

_ . " B 00 00
‘”(bqaﬂ,t | & —oxte )_eq(t);nz (ba**, Q) (a, An-r

" ()" ()"
(a, o)

But (@, Pn—r = ((@, Dna@")/((~1) (@", Q)r).

- :—cxt bo+1
wz(bq‘”l,t I q q )

© oo l)”qz(rz)+(b°‘+1+2n_r)r+(n?)(q_n, Q) (CX) ()"

||
M
M

P (bge*, a)r (@, A)n (@, a)
PR
-e03 S e g e
B R

1 & (-1rglrn
(6O ; (bqe+2, q)n

Similarly we can prove (2) and (3). O

Al(x,b,c;q)

Definition 3. Theqg-derivative operatoDy is defined by (Koornwinder, 1994)

(0-1@) 4

Dgf(x)={ Xt @
q ( ) $, Xx=0
where
df(x)

(Lanl Dq () = dx

Proposition 4. The forward shift operator of &x, b, c; q) is given by
A (%, b, c;q) — Ax(ax, b, c;g) = —exd® T AT (Q* X, b ciq)  (8)
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that is
_ q(xb+1

1-¢

Dq A% (X, b, ¢;q) = A*(g%Px, b, ¢; q) )

Proof:
AR (X, b, c;q) — Ar(ax, b, c;q)

b CtJrl' q—n
= w |:l(pl (bqa+l | q, —an+ba+1X)

qfn
— 101 <bqo‘+l | ; —an+ba+2x>:|

_ (g, g)n o (1Y a@ (@™, a);
(@, @n = (bg*t, ) (g, 9)

(1 _ qr)(_qun+ozb+l)r

_ (bg* g & (-1ya@@™", a) _ oy qHabHLyr
G r;(bq‘”l,q)r(q,q)rfl( 4 )

_ gt e > (CD @@ @)@ —g )
=@ D 2 (0, Q@ Qra(@ = b))

_ (@—a)bat, g < (-2 q0@ ", 0)r
(1 —-ba™)(@, d)n =5 (ba**2, q)r-12(d, Ar-1

_@=bgt) s (00, ) 5 (1) @ (@M, ),
_(1—bq“+1)( exe™) (@, Dn-1 r; (ba*+2, a): (q, Q)

x (_Can+ab+l)r

(bg**2, q)n_1
@ Pna

(_Can+ab+1)r

q—n+1

— (_Cxq(xb+1) | q; _an+ba+2x)

bqa+2

= —cx™ T AYTH(g% P, b, ¢; Q) O

Proposition 5. The backward shift operator oféfx, b, c; q) is given by
x(1 + x)q*®
Xx—b+1

= 1+x 1 a—17b—1 . 1 vl
:E[<X—b+l+xqab—l> An+1(q X, b, C’q)_WAm—l

A(x, b, c;q) — AX(ax, b, c;q)

x(a°72x, b, ¢;q) —

14X o
X—br1l An+%(qu, b, c; q)} (10)
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that is

Dq(W(x, b, a; @) A%(x, b, ¢; q)) = w(x, b, a;q) [( 14 x 1 >

(1-qg)cx X—b+1  xgeb-1

x AL 19X, b, ¢;q)
IR VP oy X
xqeb-t M@ boea) = g +1
x A H(aPx, b, c;q)} (1)
where
Xab
W(X| b, o, Q) = (—X, (b _ 1)qX_1; q)oo (12)
Proof: At first by using
&2 =(1- zl)eq(z)
&(@'2) = T
we have
(@x)*°
w(gx, b, a;q) =
(@09 = (g g1 — Dax )
_ qab(1+ X) Xab
(1-qgt(b—1)ax 1) (=x, (b—1)ax1a)
ab(1+ X)X
= mw(x, b, «; Q)
Also by using

Ai(x, b, ¢;a) — Ai(ax, b, ¢;q) = —exd® T AT(G* "X, b, ¢;q)
and replacing by xg?~2, « by « — 1, andn by n + 1, we have

-1 B . . i
A%(x, b, c;q) = W[Aﬁd(qb 2, b, ¢;q) — A% 1", b, ¢; )]

Also replacex by gx, and then we have

1, .
A%(gx, b, c;q) = Cx—qab[A‘éﬁ(qb 'x, b, ¢;q) — Az 1(a°, b, ¢; )]

Now

Dg(W(x, b, @; q) A% (x, b, ¢; q))
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“a _1q)x [w(x, b, &; @) A%(x, b, ¢;q) — w(qx, b, @; q)AZ(gx, b, ¢; )]
_w(x, b,a;q) T, gy AP 0X .
= - ax [An(x, b, c;q) x_b7 D) A%(gx, b, c; q)i|
_ W(X, b, ;) Aﬁ;i(qbfzx, b,c;q) — A‘;;i(qbflxl b, ¢: q)
- (1-q)x B CXopb1
1+x o . _ o .
ﬁ{%ﬁ(qb 'x, b, c;q) — Ax1(a°x, b, c; q)}]

AL H(@P X, b, c;q)

=W(X,b,a;q)[< 14 x 1 )

(1 - g)cx X—b+1 + xqgeb-1
1

- anb—l

1+x

M@, b, € 0) — =

AL (A%, b, ¢; q)} =

Definition 6. Theq-integeral on (0po) is defined by (Koorwinder, 1992, 1997)

[T t0dx=a-a 3 f@r (13)

N=—00

Proposition 7. The orthogonal property of the functiorf &, b, c; q) is given by

/Oow(x, b, o; )AL(X, b, C; )AL (X, b, C;q)dgx =0 Vn#m  (14)
0

3. SPECIAL CASES OF A%(x, b, c; q)
(1) Atb=0andc =1

qfn
A%(x, 0, 1;,q) = ﬁm ( [ q; —anX) =S(x,q) (15)
] n 0

whereS, (X, q) is the Stieltjes—Wigert function.
(2) Atb=1andc=1

@2, ) 1 ( q™"

A%(x,1,1,g) = | a; =g+ x ) = LE(x, q)

(16)

%
@an T\ gert

whereL?(x, q) is theqg-Laguerre function.
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(3) Atx=2’,b=1,andc =q"*

: e Q" @)oo 0
Z lim A%(Z%, 1, q) = 2~ P> Q2
limy n(Z. 1.9 a) @ qwlqu

=38z q) 17)

whereJ®(z, q) is theq-Bessel function, which was introduced by Hahn

and Extonand i1 J8((1 — 9¥/?)z, q) = J.(2) (Noumi and Mimachi,
1990a,b).

(4) Atb=—-a'g*,c=a'q™, andx — q~*

X e el (-a'q, g)n
Aoz(q X’ _a lq Dt, a 1q ab; q) % "Hhn
" (@, n

191

q_n n+1—x 1
x lq;—— | = —=Cn(@ " aq) (18)
_alg a (4, 9)n

whereC,(q7%, a; q) is theg-Charlier function.
(5) By using the identity

qfn (q‘lz)” q—n;|—1q1—n -
V2 = - g
191 ( | 1q ) T.q)n 2 0 10; =3

we have

N —cX b+nyn q—n; b—lq—a—n
As(x,b,c;q) = %2% ( 0 | q; —c%q“_“bﬂ
Atb=—alg*® c=a g, andx —» x7!

ny—n
A (x~L —glge 2 glgmeb-2n: gy = (—axd)
n( q q ) NCONE

g aq" _ (axd")™"
X < 0 | qvqx> - (q' q)n Kn(x! a, Q) (19)

whereK, (X, a; q) is the alternative-Charlier function.
(6) By using the identity

_1_
K K K0y,
101 lIQiZ = I_Z’q 201 ICI;I—
%0 |

201
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we have

AX(x,b,c;q) =

(bq"‘“, q)n q—n—a—l
Gan \ b %)

bqa+n+l; 0 ‘ c o
X | q; —qu
bqu—l

Atb=1,c=—-q,n— —n —« — 1 and by setting|* = a
(aqr Q)—n—a—l n q_n;o
A% X, 1, —({d; = — X, . LgX
* el a; ) @ 9D (A", A)oo2¢1 aq ld;q

— (aqr Q)fnfo{fl
(q1 Q)—n—a—l
whereP,(x, a | q) is the Littelg-Laguerre/Wall function.

(@"X, Q) Pn(x, @ | Q) (20)

4. A 3-MODIFICATION OF THE ORDINARY
LAGUERRE POLYNOMIALS

It is well known that the four-dimensional complex Lie algel(a, 1) with
basisJ., J;, andE is defined by the commutation relations (Miller, 1968)

[Je, ] =+ [J4, I ]=— (21a)
[J.,E]=0 [JE]=0 (21b)

Lemma. The Lie algebra 0, 1) has the following modified differential
operators:

J o=y (%ax _ 1) I = )—1/(—xax —yady +n) (22a)
Jk=ydly, E=1 (22b)

— 0
wheredx = -

Proof:

[J, J1] = BJIy — I &

=y (Xax— )- (lax_l) o
=yoy(gx=vy) =[5 ydy
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y 2.2 2 Y2 o 2
_ﬂ8x+ ﬁaxy y — y oy ﬂaxy—i—yay
=y<£8x—l> =J;
p
The other commutation relations can be obtained by the same way. O

The Casimir operator of the algehgé0, 1) has the form
C=JJ -EJ} (23)

which commute with all operators. In order to obtain a realization of the above
representation ofj(0, 1) by the operatord.., J;, and E, we must find nonzero
functions f(X, y) = y"om(x), m=0, 1, 2,..., such thatC f,(x, y) = 0. From

Eq. (22), we get the following differential equation:

d2¢m( X) ¢m( )

2+ (@+m=n— px) + Bngm(X) = (24)
Putm — n = «; then
2
= Z)mﬁx) +(L+a—Bx) ¢m(x) + Bngm(X) = (25)

This equation is #-modification of the ordlnary Laguerre equatlon whgre C.
The solution of the differential equation (25) is the functioft ) (x), which is a
B-generalization of the Laguerre function and is defined by

» oa+1 —-n
Lenog = L () 1x) (26)
We can get by some calculations the generating function
a—t)y?t exp( pxt ) ZL(aﬁ)(x)t” (27)

and also the orthogonality property

rm+o+1)
( nl )ﬂn 16m

oo
f xe LA (x) LA (x)dx = where o > —1
0

(28)
The g-modified functionL*#(x) has the following recurrence relation:
M+ DLED) = @n = px + o + DLEAX) + (@ + mLEP () =0 (29)
and the normalized recurrence relation is
BXPa(X) = Prya(X) + (20 + o« + 1)Pa(X) + Nl + n)Pr_a(x)  (30)
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where
_1\n
Len00 = T R (31)
The Rodrigues-type formula is given by
1 dn
(o, 8) _ - Xy—0 = (yo+n o—pX
LEA(x) = - e#*x dnX(x e ) (32)

Lemma. The relation between%x, b, c; g) and Lﬁ“’ﬂ)(x) is given by
lim AG((1— a)x, =B, 1ia) = LEA(x) (33)
q—
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